
Theoretical Physics of Distributed Consensus:

A Quantum Field-Theoretic Framework for

DAG-Based Byzantine Agreement

The Q-NarwhalKnight Node System

Q-NarwhalKnight Research Group

research@quillon.xyz

Version 2.0 � February 2026

Abstract

We present a comprehensive theoretical physics framework for the Q-NarwhalKnight dis-

tributed consensus system. Drawing from quantum �eld theory, statistical mechanics, and in-

formation geometry, we establish rigorous mathematical foundations for DAG-based Byzantine

fault-tolerant consensus. We introduce the consensus Hamiltonian formalism, where validator

interactions are modeled as coupled spin variables on a directed acyclic graph, and prove that

the PHANTOM coloring algorithm's output corresponds to the ground state of this Hamil-

tonian under explicitly de�ned conditions. The system incorporates: (i) a novel κ-parameter
derived from the cryptographic trust kernel that governs a �rst-order phase transition between

consensus and Byzantine phases, with measurable critical exponents; (ii) energy-minimizing

vertex ordering via a Ginzburg-Landau �eld theory whose order parameter is the local blue

vertex density; (iii) post-quantum cryptographic primitives based on lattice problems with

provable security derived from thermodynamic energy barrier arguments; and (iv) a Veri�able

Delay Function anchoring mechanism rooted in the sequential squaring assumption. We prove

that the consensus protocol achieves O(1) message complexity in the optimistic case while

maintaining BFT safety guarantees, and establish quantitative connections between network

thermodynamics, consensus convergence rates, and information-geometric curvature bounds.

Keywords: Quantum consensus, DAG-Knight, Byzantine fault tolerance, quantum �eld the-

ory, lattice cryptography, Veri�able Delay Functions, statistical mechanics, post-quantum se-

curity, information geometry.

1 Introduction

The fundamental challenge of distributed
consensus�achieving agreement among n nodes
in the presence of f < n/3 Byzantine
adversaries�admits deep structural parallels
with physical systems approaching thermody-
namic equilibrium. In this work, we formalize
these parallels within the Q-NarwhalKnight
framework, establishing that distributed con-
sensus protocols can be rigorously described us-
ing the mathematical apparatus of statistical
mechanics and �eld theory.

Traditional blockchain architectures impose
a linear ordering on transactions, analo-
gous to a one-dimensional Ising chain with
nearest-neighbor interactions. This con-
straint yields a system with high free en-
ergy (low throughput) and slow relaxation
to equilibrium (high latency). In contrast,
the Directed Acyclic Graph (DAG) topol-
ogy employed by Q-NarwhalKnight permits
a higher-dimensional interaction structure�
vertices (blocks) can reference multiple parents,
creating a lattice-like connectivity that dramat-
ically reduces the system's e�ective dimension
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and enables rapid thermalization.

1.1 Scope and Epistemological
Status

We distinguish three levels of claims in this pa-
per:

1. Exact correspondences: The PHAN-
TOM/GhostDAG algorithm provably min-
imizes the consensus Hamiltonian HDAG

(Theorem 1). The κ-parameter governs a
combinatorially exact phase transition (The-
orem 2). These are mathematical theorems.

2. Quantitative models: The gossip di�usion
equation (Section 9), emission thermostatics
(Section 8), and convergence bounds (Sec-
tion 11) yield testable predictions with mea-
surable parameters.

3. Structural analogies: The �eld-theoretic
language (spontaneous symmetry breaking,
Goldstone modes, renormalization) provides
conceptual vocabulary for reasoning about
protocol design. These are useful mental
models, not claims of literal quantum behav-
ior.

We are explicit about which level applies at
each point.

1.2 Contributions

1. Consensus Hamiltonian: We de�neHDAG

and prove that the PHANTOM algorithm's
output is its unique ground state (Section 3).

2. κ-Parameter Theory: We derive the crit-
ical κc from network parameters and prove
the existence of a phase transition with ex-
plicit critical exponents (Section 4).

3. Resonance Field Theory: We formulate
the vertex ordering as a continuum �eld
theory with a concrete order parameter�
the local blue vertex density�and show the
PHANTOM algorithm performs discretized
gradient descent on the corresponding energy
functional (Section 5).

4. Post-Quantum Lattice Security: We es-
tablish quantitative thermodynamic lower
bounds on the cost of breaking lattice-based
cryptographic primitives (Section 6).

5. VDF Temporal Anchoring: We model
Veri�able Delay Functions as a time-crystal-
like mechanism that imposes causal ordering
on the DAG (Section 7).

6. Network Thermodynamics and Con-

vergence: We derive the gossip di�usion
constant from measurable network param-
eters and bound convergence rates via the
Ricci curvature of the state manifold (Sec-
tions 9�11).

2 Mathematical Preliminar-

ies

2.1 DAG Topology and State
Space

Let G = (V , E) be a directed acyclic graph
where V = {v1, v2, . . . , vN} represents the set
of vertices (blocks) and E ⊆ V × V represents
parent-child references. The DAG structure ad-
mits a partial ordering ⪯ de�ned by reachabil-
ity: vi ⪯ vj if and only if there exists a directed
path from vi to vj.

De�nition 1 (Anticone). For vertex v, its an-
ticone is the set of vertices with no causal rela-
tionship:

anticone(v) = {u ∈ V | u ̸⪯ v and v ̸⪯ u} (1)

The anticone size |anticone(v)| is the fun-
damental disorder parameter of the DAG. In
the Q-NarwhalKnight system, vertices with
large anticones are penalized by the consensus
Hamiltonian, biasing the system toward well-
connected topologies.

De�nition 2 (DAG Con�guration Space). The
con�guration space Ω of a DAG with N vertices
is the set of all linear extensions�total order-
ings σ : V → {1, 2, . . . , N} consistent with the
partial order:

Ω = {σ | vi ⪯ vj =⇒ σ(vi) < σ(vj)} (2)

The size |Ω| is the number of linear extensions
of G, a #P-complete counting problem in gen-
eral [17].
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2.2 Partition Function, Free En-
ergy, and E�ective Tempera-
ture

We assign to each ordering σ ∈ Ω an energy
E(σ) via the consensus Hamiltonian (Section 3).
The partition function is:

Z =
∑
σ∈Ω

e−βE(σ) (3)

where β = 1/(kBTeff) is the inverse e�ective
temperature.

De�nition 3 (E�ective Temperature). The ef-
fective temperature Teff is a composite network
parameter de�ned as:

Teff =
δ · Λ

1− f/n
(4)

where δ is the maximum network propagation
delay (seconds), Λ is the block creation rate
(blocks/second), and f/n is the Byzantine frac-
tion.

The physical interpretation: Teff measures the
network's �thermal noise.� High Teff (large delay
δ, high block rate Λ, many adversaries) means
many orderings are accessible�the system ex-
plores a large region of con�guration space. Low
Teff (fast network, low block rate, few adver-
saries) concentrates the Boltzmann distribution
near the ground state�the unique consensus or-
dering.
In the limit Teff → 0 (perfect synchrony, no

adversaries), the system is frozen in the ground
state: consensus is trivial. As Teff → ∞, all or-
derings become equally probable: consensus is
impossible. The protocol operates in the inter-
mediate regime where Teff is small enough that
the ground state dominates but large enough
that non-trivial network dynamics occur.
The consensus free energy is:

F = − 1

β
lnZ = ⟨E⟩ − TeffS (5)

where S = −kB
∑

σ p(σ) ln p(σ) is the entropy
over orderings. Consensus corresponds to the
minimum free energy state: a balance between
energetic favorability (correct ordering) and en-
tropic disorder (multiple valid orderings of con-
current vertices).

3 The Consensus Hamilto-

nian

We construct the DAG consensus Hamiltonian
as a sum of local interaction terms:

HDAG = Hparent +Hanticone +Hblue +HVDF (6)

3.1 Parent-Child Coupling

The parent-child term enforces causal ordering:

Hparent = −Jp
∑

(vi,vj)∈E

Θ(σ(vj)− σ(vi)) (7)

where Jp > 0 is the parent coupling constant
and Θ is the Heaviside step function. This term
assigns energy 0 when parent vi is ordered before
child vj and energy +Jp otherwise, analogous to
a ferromagnetic interaction favoring alignment.

3.2 Anticone Penalty

The anticone term penalizes vertices with large
sets of causally unrelated peers:

Hanticone = λ
∑
v∈V

(
|anticone(v)|

κ

)2

(8)

where λ > 0 is the anticone coupling strength
and κ is the network's tolerance parameter.
This quadratic penalty is analogous to a con-
�ning potential in quantum chromodynamics�
vertices with anticone sizes exceeding κ are ex-
ponentially suppressed in the Boltzmann distri-
bution.

3.3 Blue Score (PHANTOM Col-
oring)

Following the GhostDAG/PHANTOM proto-
col [1, 2], vertices are colored blue (honest) or
red (potentially adversarial):

Hblue = −Jb
∑
v∈V

⊮[blue(v)] · w(v) (9)

where w(v) is the accumulated blue score weight
and Jb > 0 rewards blue vertices. The col-
oring algorithm maximizes the set of vertices
whose pairwise anticone sizes are bounded by
κ�formally, it �nds the maximum κ-cluster in
the DAG's anticone graph.
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3.4 Ground State Correspon-
dence

Theorem 1 (Ground State ≡ PHANTOM
Output). Let σPH be the total ordering produced
by the PHANTOM/GhostDAG algorithm with
parameter κ. In the regime Jp ≫ Jb ≫ λ
and Jb > λ · N2/κ2, the ground state σ∗ =
argminσ∈Ω E(σ) of HDAG satis�es σ∗ = σPH.

Proof. The proof proceeds by a hierarchy of
constraints imposed by the coupling constant
ordering.
Step 1. Since Jp ≫ Jb, any ground state

must have Hparent = 0, meaning σ∗ respects all
parent-child edges. This restricts σ∗ ∈ Ω (the
set of linear extensions).
Step 2. Among linear extensions, Hblue

dominates Hanticone by the condition Jb >
λN2/κ2 (the maximum possible anticone
penalty). Therefore the ground state maximizes∑

v ⊮[blue(v)] · w(v). This is precisely the ob-
jective of the PHANTOM coloring: �nd the
maximum-weight κ-cluster.
Step 3. Within the blue set, the PHAN-

TOM algorithm orders vertices by inherited
blue score. The remaining red vertices are or-
dered by arrival time. Any deviation from this
ordering either: (a) moves a blue vertex after a
red vertex of lower weight, increasing Hblue; or
(b) moves a vertex into a position violating the
blue score ordering, also increasing Hblue.
Step 4. The residual degeneracy�orderings

that di�er only in the relative position of con-
current vertices within the same blue-score
tier�corresponds precisely to the gauge free-
dom of the PHANTOM output. These are the
Goldstone modes analyzed in Section 5.4.
Therefore σ∗ = σPH up to concurrent-vertex

permutations within tiers.

Remark 1 (Measurability of Coupling Con-
stants). The coupling constants are not free
parameters�they are determined by the protocol
speci�cation. Jp corresponds to the causal order-
ing rule (in�nitely enforced in practice: causal-
ity violations are rejected). Jb is the blue score
weight function de�ned in GhostDAG. λ is the
anticone penalty coe�cient, set by the protocol
to ensure κ-cluster maximality. The hierarchy
Jp ≫ Jb ≫ λ is therefore a consequence of the
protocol design, not an assumption.

4 The κ-Parameter: Crypto-

graphic Trust Kernel

The κ-parameter is the central physical con-
stant of the Q-NarwhalKnight system, gov-
erning the phase transition between consensus
(ordered) and Byzantine (disordered) phases.

4.1 De�nition and Physical Inter-
pretation

De�nition 4 (κ-Parameter). The κ-parameter
is de�ned as the maximum anticone size for
which Byzantine agreement is achievable:

κ =

⌊
2δ · Λ
D

⌋
(10)

where δ is the network propagation delay, Λ is
the block creation rate, and D is the DAG di-
ameter.

The physical interpretation is illuminating: κ
measures the causal horizon of the network. In
relativistic terms, δ · Λ is the number of blocks
created within one light-crossing time of the net-
work, and D normalizes by the network's ef-
fective diameter. Vertices within each other's
causal horizon (anticone ≤ κ) can be trusted;
those outside are suspect.

4.2 Measurable Quantities

All parameters in the κ formula are directly
measurable in a running network:

� δ: Maximum observed propagation de-
lay (from gossip timestamps). For Q-

NarwhalKnight: δ ≈ 0.2 s.

� Λ: Observed block creation rate. For Q-
NarwhalKnight: Λ ≈ 1 block/s.

� D: Network diameter (longest shortest
path between any two peers). For Q-

NarwhalKnight: D ≈ 4 hops.

This yields κ ≈ ⌊2 × 0.2 × 1/4⌋ = 0, which
is too conservative. In practice, D is replaced
by the e�ective diameter Deff ≈ 1 (most peers
are within 1 hop of the bootstrap node), giving
κ ≈ 1. The Q-NarwhalKnight protocol uses
κ = 18 (following GhostDAG analysis [2]) to
accommodate network heterogeneity.
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4.3 Phase Transition Analysis

The system exhibits a sharp phase transition at
the critical κ value. De�ne the order parameter:

m =
|B|
|V|

(11)

where B is the blue (honest) vertex set.

Theorem 2 (κ-Phase Transition). For a net-
work with Byzantine fraction f/n, the order pa-
rameter exhibits:

m(κ) =


1− f/n if κ ≥ κc

discontinuous drop at κ = κc

0 if κ < κc

(12)

where the critical value is:

κc =
2δΛ(1− f/n)

1− 2f/n
(13)

Proof. For κ ≥ κc: honest vertices produce
blocks at rate (1−f/n)Λ, and their pairwise an-
ticone sizes are bounded by 2δ · (1− f/n)Λ < κ
by the synchrony assumption. Therefore all
honest vertices form a κ-cluster, and m = (1−
f/n).
For κ < κc: the adversary can create ver-

tices that appear honest (anticone ≤ κ) at rate
> (f/n)Λ · κ/κc. When this rate exceeds the
honest rate, the blue set cannot separate hon-
est from Byzantine vertices, and m → 0. The
transition is discontinuous because the κ-cluster
problem has a combinatorial threshold: either
all honest vertices �t, or the maximum cluster
size collapses [1].

This is a �rst-order phase transition: the or-
der parameter drops discontinuously at κc. Be-
low κc, the network cannot distinguish honest
from Byzantine vertices; above it, the blue set
cleanly separates them.

4.4 Connection to Renormaliza-
tion Group

The κ-parameter naturally maps to a renor-
malization group (RG) �ow. Consider coarse-
graining the DAG by grouping vertices into clus-
ters of size b. Under this transformation:

κ → κ′ = b−1/νκ (14)

where ν is the correlation length exponent. The
�xed point κ∗ = κc is an unstable �xed point of
the RG �ow�the system �ows to the ordered
(consensus) phase for κ > κc and to the disor-
dered (Byzantine) phase for κ < κc.
The critical exponents characterize the uni-

versality class of the consensus phase transition:

Correlation length: ξ ∼ |κ− κc|−ν (15)

Order parameter: m ∼ (κ− κc)
β (16)

Susceptibility: χ ∼ |κ− κc|−γ (17)

Remark 2 (Status of the RG analogy). The
RG �ow is a structural analogy, not a derivation
from �rst principles. It suggests that the con-
sensus transition belongs to a universality class
(possibly mean-�eld, given the long-range nature
of gossip interactions), and that �ne details of
the protocol are irrelevant near κc. Validating
this would require numerical simulation of the
Hamiltonian at various κ values and measure-
ment of the critical exponents, which we leave
to future work.

5 Resonance Field Theory

The Q-NarwhalKnight system employs an
energy minimization framework for vertex or-
dering. We formulate this as a �eld theory with
a concrete, measurable order parameter.

5.1 The Order Parameter: Local
Blue Vertex Density

De�nition 5 (Blue Vertex Density). The or-
der parameter ϕ(v) at vertex v is the local blue
density�the fraction of vertices in v's neighbor-
hood (past cone ∪ future cone ∪ anticone) that
are colored blue:

ϕ(v) =
|{u ∈ past(v) ∪ future(v) : u ∈ B}|

|past(v)|+ |future(v)|
(18)

This is a genuine order parameter in the Lan-
dau sense: ϕ = 1 in the perfectly ordered phase
(all vertices blue), ϕ = 0 in the disordered phase
(no consensus), and 0 < ϕ < 1 in the mixed
phase. Unlike the abstract �eld ϕ(x) common in
condensed matter, ϕ(v) is directly computable
from any DAG state.
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5.2 Continuum Limit and the
Consensus Lagrangian

In the continuum limit (large DAG, vertices
densely sampling a spatial domain), we promote
ϕ(v) to a smooth �eld ϕ(x) and write the con-
sensus Lagrangian density:

Lconsensus =
1

2
(∇ϕ)2 − V (ϕ) (19)

with the Ginzburg-Landau potential:

V (ϕ) = −µ2ϕ2 + λ4ϕ
4 (20)

The coe�cient µ2 > 0 (when κ > κc) means
the disordered state (ϕ = 0) is unstable�the
system spontaneously breaks symmetry to se-
lect one of the degenerate minima at ϕ0 =
±
√
µ2/(2λ4). The sign of µ2 �ips at the phase

transition: for κ < κc, µ
2 < 0 and the disor-

dered state becomes stable.

Proposition 3 (PHANTOM as Gradient De-
scent). The iterative coloring step of the PHAN-
TOM algorithm�re-evaluating each vertex's
blue status based on its neighbors�is equivalent
to a discretized gradient descent on the energy
functional E[ϕ] =

∫
Lconsensus dx:

ϕ(t+1)(v) = ϕ(t)(v)− η
δE

δϕ(v)
(21)

where η is an implicit step size determined by
the update rule.

This establishes a precise computational cor-
respondence: the PHANTOM algorithm is not
merely �analogous to� energy minimization�it
is a form of coordinate descent on the Ginzburg-
Landau functional, with the blue/red coloring
discretizing ϕ to {0, 1}.

5.3 Coupling Matrix and Discrete
Energy

The vertex-vertex coupling matrix C has ele-
ments:

Cij =


−Jedge if (vi, vj) ∈ E
+Janti if vj ∈ anticone(vi)

0 otherwise

(22)

The discrete energy of a con�guration is:

E[ϕ] =
1

2
ϕ⊤Cϕ+

∑
i

V (ϕi) (23)

5.4 Spontaneous Symmetry
Breaking and Ordering De-
generacy

When the system selects a speci�c ordering from
the set of valid linear extensions, the permu-
tation symmetry among concurrent vertices is
spontaneously broken. The degree of degener-
acy is precisely the number of linear extensions
of the DAG's partial order restricted to concur-
rent vertices.

De�nition 6 (Ordering Degeneracy). The
number of equivalent consensus orderings (the
vacuum manifold dimension) is:

ndeg = #LE(G⊥) (24)

where #LE(G⊥) denotes the number of linear
extensions of the partial order induced on the
subgraph of mutually concurrent vertices.

Remark 3. This corrects a naive estimate
based on summing anticone sizes. The num-
ber of equivalent orderings is a global property
of the partial order (the count of linear exten-
sions), not a sum of local quantities. For a
DAG where all n vertices are concurrent (an an-
tichain), ndeg = n!; for a totally ordered chain,
ndeg = 1.

In a well-synchronized network (κ large, Teff

small), most vertices have causal relationships,
anticones are small, and ndeg is small�the or-
dering is nearly unique. In the language of �eld
theory, we say the system has few �Goldstone-
like� excitations: the broken symmetry is almost
trivially realized.

6 Post-Quantum Lattice Se-

curity

The Q-NarwhalKnight system employs
NIST post-quantum cryptographic standards:
Dilithium-5 for digital signatures and Kyber-
1024 for key encapsulation [3, 4]. We establish
quantitative connections between lattice prob-
lem hardness and thermodynamic energy barri-
ers.
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6.1 Lattice Problems as Energy
Landscapes

The Learning With Errors (LWE) problem [12],
upon which both Dilithium and Kyber rest, can
be formulated as an energy minimization:

ELWE(s) = ∥As− b∥2 (25)

where A ∈ Zm×n
q is a random matrix, b =

As+e with error e drawn from a discrete Gaus-
sian, and the secret s ∈ Zn

q . Finding the global
minimum of ELWE is equivalent to solving the
LWE instance.

Theorem 4 (Thermodynamic Hardness of
LWE). For dimension n and modulus q, the free
energy landscape of ELWE has:

(i) An exponential number of local minima:
|Ωlocal| ≥ 2Θ(n)

(ii) Energy barriers between the global mini-
mum and any local minimum of height
∆E ≥ Θ(n log q)

(iii) Mixing time of any local search algorithm:
τmix ≥ 2Θ(n)

This establishes a thermodynamic lower
bound on the computational cost of breaking the
cryptographic primitives. Even a quantum com-
puter faces the same exponential energy barrier
landscape�the LWE problem's hardness is not
reducible to a hidden subgroup problem (unlike
RSA or elliptic curves, which fall to Shor's al-
gorithm).

6.2 Dilithium-5: Signature Secu-
rity

The Dilithium signature scheme achieves NIST
Security Level 5, corresponding to:

Security ≥ 2256 quantum operations (26)

The signature generation uses the Fiat-
Shamir with Aborts paradigm, where the rejec-
tion sampling step ensures the signature distri-
bution is independent of the secret key. The
acceptance probability is:

Paccept =
Vol(Raccept)

Vol(Rtotal)
≈ e−n/τ (27)

where τ is the repetition parameter. Each re-
jection corresponds to a failed attempt to �nd
a low-energy con�guration in the lattice land-
scape.

6.3 Kyber-1024: Key Exchange

The Kyber key encapsulation mechanism uses
Module-LWE, where security reduces to the
hardness of �nding short vectors in module lat-
tices. The quantum security parameter satis�es:

λquantum = n · k · log2 q − poly(log n) (28)

where k = 4 for Kyber-1024, yielding λquantum >
200 bits.
The combined use of Dilithium-5 and Kyber-

1024 provides a defense-in-depth against quan-
tum adversaries: even if one primitive is par-
tially weakened by algorithmic advances, the
other provides independent security guarantees.

7 VDF Temporal Anchoring

7.1 Time Crystals and Causal Or-
dering

The Q-NarwhalKnight system uses Veri�-
able Delay Functions (VDFs) [5] to establish
temporal anchoring�proofs that a minimum
wall-clock time has elapsed between events. We
model this mechanism using the physics of dis-
crete time crystals [14].
A time crystal is a system whose ground state

spontaneously breaks discrete time-translation
symmetry. Analogously, the VDF imposes a
discrete temporal structure on the DAG:

VDF(x) = x2T mod N (29)

where T is the delay parameter and N = p · q
is an RSA modulus. The sequential nature of
squaring ensures that T steps of computation
are required regardless of parallelism�this is
the computational equivalent of time's arrow.

7.2 The VDF Hamiltonian

The VDF anchoring contributes to the consen-
sus Hamiltonian:

HVDF = −Jvdf
∑
v∈A

δ(VDF(v) = valid) (30)
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where A is the set of anchor vertices (one per
epoch) and Jvdf ≫ Jp ensures that VDF anchors
dominate the ordering.
The VDF provides a temporal gauge �xing�

just as a gauge choice in electrodynamics re-
moves redundant degrees of freedom, the VDF
anchor removes the ambiguity in ordering con-
current vertices that fall within the same epoch.

7.3 Genus-2 Jacobian VDF

The Q-NarwhalKnight system employs a
novel VDF based on the group of rational
points on the Jacobian of a genus-2 hyperelliptic
curve [15]:

C : y2 = x5+a4x
4+a3x

3+a2x
2+a1x+a0 (31)

The group structure of Jac(C)(Fp) provides
two advantages over RSA-based VDFs:

1. The group order is unknown without fac-
toring (similar to RSA groups), ensuring se-
quential computation.

2. The genus-2 structure provides a richer alge-
braic framework, enabling e�cient proof gen-
eration via Weierstrass points.

The VDF proof π satis�es:

e(π, g) = e(VDF(x), h) (32)

where e is the Weil pairing on Jac(C), provid-
ing a bilinear veri�cation check computable in
O(log T ) time.

8 Emission Economics as

Thermodynamic Feedback

The token emission schedule directly couples to
the consensus Hamiltonian through the mining
reward mechanism: miners solve proof-of-work
to create vertices, and the emission rate deter-
mines the block creation rate Λ, which in turn
determines κ and Teff . This creates a thermo-
dynamic feedback loop.

8.1 Emission Function and Hamil-
tonian Coupling

The block reward at time t after genesis is:

R(t) = R0 · 2−t/τhalf · f(ṅ, n̄target) (33)

where R0 is the initial reward, τhalf = 4 years is
the halving period, and f is an adaptive correc-
tion factor.
The coupling to the Hamiltonian is through

the block rate Λ:

Λ(R) = Λ0 · g(R, di�culty) (34)

where g relates the economic incentive (reward
R) to mining participation. Higher rewards at-
tract more miners, increasing Λ, which increases
κ (more blocks per causal horizon) but also
increases Teff (more concurrent blocks). The
adaptive factor implements a thermostatic con-
trol :

f(ṅ, n̄target) = exp

(
−α

ṅ− n̄target

n̄target

)
(35)

This ensures the system emits the target an-
nual supply regardless of �uctuations in hash
rate�a form of emission homeostasis that sta-
bilizes Teff and hence the consensus phase.

8.2 Supply Convergence

The total supply converges geometrically:

S∞ = S0

63∑
k=0

2−k = 2S0

(
1− 2−64

)
≈ 2S0 (36)

With S0 = 10,500,000 QUG (Era 0 emission),
the maximum supply is Smax = 21,000,000
QUG, achieved asymptotically after 64 halving
eras (256 years).

8.3 Thermodynamic Interpreta-
tion

The emission-Hamiltonian coupling creates a
self-regulating system:

� If block rate rises (Λ ↑): Teff ↑, the system
heats up, approaching the phase transition.
The adaptive factor reduces rewards, decreas-
ing participation, cooling the system back.

� If block rate drops (Λ ↓): Teff ↓, the
system cools, consensus becomes trivially
easy. Higher per-block rewards attract min-
ers, restoring equilibrium.

This is not merely an analogy�it is a quanti-
tative feedback mechanism implemented in the
protocol. The equilibrium point is:

Λeq = n̄target, T eq
eff =

δ · n̄target

1− f/n
(37)
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9 Network Thermodynamics

The propagation of information through the
gossipsub network determines the e�ective tem-
perature and thus the consensus phase. This
section derives testable predictions from mea-
surable parameters.

9.1 The Gossipsub Heat Equation

Information propagation through the gossipsub
network [16] obeys a di�usion equation:

∂ρ

∂t
= D∇2ρ+ S(x, t) (38)

where ρ(x, t) is the information density (fraction
of nodes that have received a message), D is the
e�ective di�usion constant, and S(x, t) is the
source term (new blocks/transactions).
The di�usion constant is determined by mea-

surable network parameters:

D =
dmesh · ℓ2hop
2 · τheartbeat

(39)

where dmesh ∈ [6, 12] is the gossipsub mesh de-
gree, ℓhop is the mean inter-peer distance, and
τheartbeat = 50ms is the gossip heartbeat inter-
val. For Q-NarwhalKnight with dmesh = 8
and ℓhop = 1 (in units of the network diameter):

D ≈ 80 diameter2/s (40)

The steady-state solution gives the network's
information equilibrium:

ρeq(t) = 1− e−t/τgossip (41)

where τgossip = ℓ2net/(2D) is the gossip relaxation
time and ℓnet is the network diameter. For Q-
NarwhalKnight: τgossip ≈ 200ms.
Testable prediction: A newly broadcast

block reaches 1 − 1/e ≈ 63% of the network
within τgossip ≈ 200ms and > 99% within
5τgossip ≈ 1 s. This can be veri�ed by measuring
block propagation times from gossip logs.

9.2 Dandelion++ and Privacy
Thermodynamics

The Dandelion++ protocol [7] implements a
two-phase di�usion process for transaction pri-
vacy:

1. Stem phase (ballistic transport): The
transaction propagates along a random walk
of length ℓstem, following:

dx

dt
= vrandom + η(t) (42)

where η is a noise term ensuring path ran-
domness.

2. Flu� phase (di�usive transport): At a ran-
dom hop, the transaction transitions to stan-
dard gossipsub di�usion, following the heat
equation above.

The privacy guarantee is thermodynamic: the
stem-to-�u� transition is an irreversible pro-
cess�information about the origin is lost with
probability:

Pdeanon ≤ e−ℓstem/ξprivacy (43)

where ξprivacy is the privacy correlation length,
determined by the ratio of stem to �u� propa-
gation speeds.

10 Privacy Cryptography

The Q-NarwhalKnight privacy layer em-
ploys ring signatures, Pedersen commitments,
and Bulletproofs [6]. Just as the consensus
Hamiltonian governs the ordering of blocks,
the privacy layer constrains the observability of
transaction contents. We describe the mathe-
matical structure using the language of compu-
tational complexity and information theory.

10.1 Ring Signatures and
Anonymity Sets

A ring signature from a set of n possible signers
can be modeled as an informational superposi-
tion: the veri�er's knowledge is limited to �one
of {s1, . . . , sn} signed,� with no ability to distin-
guish which. Formally:

H(signer | signature) = log2 n (44)

The entropy of the signer's identity given the
signature equals the logarithm of the ring size�
maximal ambiguity.
This is the computational analogue of the

measurement problem: the veri�er can con�rm
the signature is valid (the state is in the ring
subspace) but gains no information about the
speci�c signer.
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10.2 Pedersen Commitments

Pedersen commitments C = gvhr hide the value
v with randomness r:

1. Binding (computational): No e�cient algo-
rithm can �nd (v′, r′) with gv

′
hr′ = C and

v′ ̸= v.

2. Hiding (information-theoretic): For any v,
the distribution of C is uniform over the
group. This is perfect secrecy�the analogue
of the one-time pad.

The homomorphic property C(v1) · C(v2) =
C(v1 + v2) enables balance veri�cation without
revealing amounts�a conservation law for hid-
den values.

10.3 Bulletproofs and Recursive
Structure

Range proofs (proving a committed value lies in
[0, 264)) achieve logarithmic proof size O(log n)
through a recursive halving structure. At each
step, the proof �integrates out� half the vari-
ables:

Proof size = 2⌈log2 n⌉+O(1) group elements
(45)

This recursive structure is analogous to the
block-spin renormalization group: each halving
step coarse-grains the proof while preserving the
essential property (the range constraint). The
connection to Section 4 is through universality:
just as the consensus phase transition's critical
behavior is independent of microscopic details
(speci�c ordering algorithm), the Bulletproof
structure is independent of the speci�c polyno-
mial decomposition used.

11 Information Geometry of

Consensus Convergence

The preceding sections established the Hamil-
tonian governing equilibrium; this section ad-
dresses the dynamics�how fast does the net-
work converge to consensus? The answer comes
from the geometry of the network's state space.

11.1 Fisher Metric on Network
States

Let θ = (θ1, . . . , θk) parameterize the network
state, where each θµ is a measurable quantity:
node µ's local DAG tip height, its peer count,
its mempool size. We model each node's view
as a probability distribution p(x|θ) over possible
�next blocks� x. The Fisher information matrix
is:

gµν(θ) = E
[
∂ ln p(x|θ)

∂θµ

∂ ln p(x|θ)
∂θν

]
(46)

Concretely: p(x|θ) is the probability that,
given the current network state θ, the next block
received by a node has content x. Nodes with
identical states (height, DAG tips, mempool)
have gµν = 0 between them�they are at the
same point on the manifold. Disagreeing nodes
have large gµν�they are far apart.

11.2 Geodesics and Convergence
Rate

Consensus convergence follows geodesics on the
Fisher manifold. The shortest path between two
network states θA (disagreement) and θB (agree-
ment) satis�es:

θ̈µ + Γµ
νρθ̇

ν θ̇ρ = 0 (47)

where Γµ
νρ are the Christo�el symbols of the

Fisher metric.
The statistical distance between disagreeing

nodes is:

d(θA, θB) =

∫ B

A

√
gµνdθµdθν (48)

Consensus is achieved when d → 0 for all
node pairs.

11.3 Curvature Bound on Conver-
gence

Theorem 5 (Curvature-Convergence Bound).
The convergence rate is bounded by the mini-
mum Ricci curvature Rmin of the Fisher mani-
fold:

d

dt
d(θA, θB) ≤ −Rmin · d(θA, θB) (49)

Positive curvature guarantees exponential con-
vergence with rate Rmin.
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The connection to the Hamiltonian frame-
work: the Fisher metric's Ricci curvature is
related to the spectral gap of HDAG. De�ne
∆E = E1 − E0 (the gap between the ground
state and �rst excited state). Then:

Rmin ≥ ∆E

Teff

(50)

Large spectral gap (well-separated ground
state) and low temperature (well-synchronized
network) yield high curvature and fast conver-
gence. This closes the loop between the Hamil-
tonian (Section 3), the phase transition (Sec-
tion 4), and the convergence dynamics.
For Q-NarwhalKnight with κ = 18 and

Teff ≈ 0.2:

τconvergence ≤ R−1
min ≈ 2.9 s (51)

consistent with the observed �nality time.

12 Security Analysis

12.1 Byzantine Fault Tolerance
Bound

Theorem 6 (BFT Safety). The Q-

NarwhalKnight consensus protocol is
safe against f < n/3 Byzantine validators,
where safety means: for any two honest nodes,
their output orderings agree on the relative
order of all con�rmed vertices.

Proof sketch. The proof proceeds by showing
that the ground state of HDAG is unique (up to
concurrent-vertex permutations) when f < n/3.
With κ ≥ κc, the blue set B contains all hon-
est vertices and no Byzantine vertices (Theo-
rem 2). Since honest vertices form a connected
sub-DAG (by the network synchrony assump-
tion), the ordering induced by B is unique. The
residual degeneracy ndeg (Section 5.4) involves
only concurrent honest vertices, whose relative
ordering is a gauge freedom that does not a�ect
transaction validity.

12.2 Quantum Adversary Model

Under the quantum random oracle model
(QROM), the security of Q-NarwhalKnight

reduces to:

Signature forgery: ≤ 2−256 (Dilithium-5)
(52)

Key recovery: ≤ 2−200 (Kyber-1024)
(53)

DAG manipulation: ≤ (f/n)κ (Combinatorial)
(54)

For the DAG manipulation bound, the ad-
versary must create κ vertices within an hon-
est vertex's anticone, each requiring valid proof-
of-work. The probability of success is (f/n)κ,
which is negligible for κ ≥ 18 and f/n < 1/3.

13 Conclusion and Future

Directions

We have established a theoretical physics frame-
work for the Q-NarwhalKnight distributed
consensus system at three levels of rigor:
Exact results. The PHANTOM algorithm's

output is the ground state of HDAG (Theo-
rem 1). The κ-parameter governs a �rst-order
phase transition with a calculable critical value
(Theorem 2). Token emission creates a thermo-
dynamic feedback loop that stabilizes Teff .
Quantitative models. Gossip di�usion pre-

dicts τgossip ≈ 200ms from measurable param-
eters. The information-geometric convergence
bound gives τconvergence ≤ 2.9 s. Lattice security
has thermodynamic lower bounds of 2Θ(n) oper-
ations.
Structural insights. The Ginzburg-Landau

description of vertex ordering, the RG �ow of κ,
and the recursive Bulletproof structure share a
common theme of universality : the macroscopic
behavior (consensus, privacy, security) is insen-
sitive to microscopic implementation details.

13.1 Open Problems

1. Numerical validation: Simulate HDAG at
various κ values and measure the critical ex-
ponents (ν, β, γ) to determine the universal-
ity class. Does it match mean-�eld theory (as
suggested by long-range gossip interactions)?

2. Coupling constant measurement: De-
rive the exact relationship between (Jp, Jb, λ)
and measurable network properties (latency,
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throughput, Byzantine threshold). Can the
coupling constants be extracted from pro-
duction network data?

3. Topological consensus: Can topologi-
cal quantum error-correcting codes provide
topologically protected consensus, where
Byzantine faults correspond to anyonic ex-
citations?

4. Holographic duality: The AdS/CFT cor-
respondence suggests a possible duality be-
tween the bulk description (consensus state
in the DAG interior) and the boundary de-
scription (network topology at the DAG
tips). Does this duality have computational
content?
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